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1. Introduction
The study of ﬁnite division rings (also known as ﬁnite semiﬁelds) dates back to the 19th century.
The associative ones (i.e., ﬁnite ﬁelds) were completely classiﬁed by E. Galois and E.H. Moore. For ev-
ery prime power pn there exists (Galois, 1830) a unique (Moore, 1893) associative (and commutative)
division ring with pn elements, Fpn . No other associative (i.e., not commutative) division ring does ex-
ist [29]. However, the nonassociative case is much more complicated. Nonassociative ﬁnite semiﬁelds
were ﬁrst considered by Dickson in [13]. These nonassociative rings have an identity and the set of
nonzero elements is closed under the product and has a loop structure [11]. If they have no identity,
then they are simply called presemiﬁelds. Following a strictly algebraic point of view, Dickson was
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and, in general, any ﬁnite semiﬁeld is an Fq-algebra of dimension d (q = pc), so that it has qd ele-
ments. If d = 1, then we get ﬁnite ﬁelds, where as there does not exist any ﬁnite semiﬁeld with d = 2.
So, in a certain sense, Dickson studied the simplest of all proper (i.e., not associative) division rings,
since no other ﬁnite semiﬁeld of order 8 exists, besides F8 [19].
The following relevant contributions to the study of these objects are due to Albert [1]. He studied
them not only from an algebraic point of view, but also in relation with the geometric constructions
that they induce (translation and projective planes known as semiﬁeld planes [15]). Moreover, he also
provided a general construction of ﬁnite semiﬁelds known as generalized twisted ﬁelds [2]. Shortly af-
terwards, ﬁnite semiﬁelds of orders 16 and 32 were completely classiﬁed. Kleinfeld [18] described the
semiﬁelds of order 24. Walker [28] and Knuth [19] obtained independent classiﬁcations of semiﬁelds
with 25 elements. Their research was naturally assisted by the ﬁrst computers. This fact is important,
since the nature of nonassociative ﬁnite semiﬁelds turns out to be much more diverse than that of
ﬁnite ﬁelds. No other complete classiﬁcation was presented in the following 50 years, apart from the
case d = 3: any 3-dimensional ﬁnite semiﬁeld over Fq is either a generalized twisted ﬁeld or the
ﬁnite ﬁeld Fq3 [23]. Because of this, Kantor [17] suggested the following research: “These computer-
assisted results used very weak computers by modern standards; it is surprising that there has not
yet been an enumeration of all semiﬁelds of order at most 256”. In this direction, orders 81 [12] and
64 [26] have been completely established, both with the help of computational tools. Presently, only
the orders 128, 243 and 256 remain open.
In this paper we present a description of semiﬁelds with 243 elements (i.e., order 35). It is a
computer-assisted classiﬁcation based on the algorithms introduced in [26]. This completes our con-
tributions to this order, since the commutative semiﬁelds have been already described in [27] (the
classiﬁcation of commutative semiﬁelds of order 35 has been independently performed by Coulter
and Kosick [7,20]). Commutative semiﬁelds of odd order beneﬁt from the connections to the theory
of planar functions [8,31], but the noncommutative case turns out to be much more diﬃcult, requiring
an extensive use of parallel computations, which we describe in Section 3.
2. Description of semiﬁelds of order 243
Menichetti proved in [24] that any ﬁnite semiﬁeld of order p5 is isotopic to the ﬁnite ﬁeld Fp5 or
it can be described in terms of the one of Albert’s generalized twisted ﬁelds, if p is suﬃciently large.
However, his result cannot be applied to ﬁnite semiﬁelds of order 243, as p = 3 is not big enough.
So, the aim of this section is to provide a way to describe all ﬁnite semiﬁelds with 243 elements.
The following deﬁnitions and facts are known (see, for instance [11,19]): we just specialize them for
division rings of order 35. Any presemiﬁeld D with 35 elements is a 5-dimensional algebra over the
ﬁnite ﬁeld F3. If D has an identity (i.e., it is a semiﬁeld), then the center Z(D) contains a copy of F3
(the subﬁeld generated by the identity). Semiﬁelds can be naturally classiﬁed up to isomorphism, but
due to their geometric connections, the more general notion of isotopy is considered. An isotopy be-
tween two presemiﬁelds of order 35 (D and E) is a triple (F ,G, H) of bijective F3-linear maps D → E
such that H(ab) = F (a)G(b), ∀a,b ∈ D . Isomorphism of semiﬁelds is achieved when F = G = H . Any
presemiﬁeld is isotopic to a ﬁnite semiﬁeld.
A presemiﬁeld D of order 243 can be fully described by one of its multiplication tables. Let B =
[x1, . . . , x5] be an F3-basis of D . The unique set of constants Ai1 i2 i3 ∈ F3, where i1, i2, i3 = 1, . . . ,5,
such that xi1xi2 =
∑5
i3=1 Ai1 i2 i3xi3 , for all 1  i1, i2  5, is known as cubical array or 3-cube cor-
responding to D with respect to the basis B. It determines (and is determined by) the multipli-
cation in D . For any permutation σ on the set {1,2,3}, the set of constants Aiσ(1) iσ(2) iσ(3) , where
i1, i2, i3 = 1, . . . ,5, is also the 3-cube of a presemiﬁeld. Different choices of bases normally produce
nonisomorphic presemiﬁelds, but all of them are isotopic. Using the transformations of the symmetric
group S3, six projective planes can be obtained from a given ﬁnite semiﬁeld at most. So, the study of
ﬁnite semiﬁelds can be eventually reduced to the classiﬁcation of the corresponding projective planes
up to the action of the symmetric group. S3-classes of semiﬁelds are often referred as Knuth orbits.
The multiplication table of a ﬁnite semiﬁeld with 243 elements is related to 5 matrices satisfying
certain properties, in the following way.
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over F3 (a standard basis of D) SD = {A1, . . . , A5} such that:
1. A1 = I5 is the identity matrix;
2.
∑5
i=1 λi Ai is invertible for all {
−→
0 } = (λ1, . . . , λ5) ∈ F53;
3. The ﬁrst column of the matrix Ai is the column vector e
↓
i with a 1 in the ith position, and 0 everywhere
else.
The set of constants Bijk , with i, j,k = 1, . . . ,5, where Bijk = (A j)ik , is the 3-cube corresponding to D with
respect to the canonical basis of F53 . The semiﬁeld D can be identiﬁed with the algebra (F
5
3,+,∗), where
multiplication is given by x ∗ y =∑5i=1 xi Ai y.
The matrix
Ai =
⎛
⎜⎜⎜⎜⎝
a19 a14 a9 a4
a18 a13 a8 a3
e↓i a17 a12 a7 a2
a16 a11 a6 a1
a15 a10 a5 a0
⎞
⎟⎟⎟⎟⎠
can be encoded as the natural number
∑19
j=0 a j3 j , and so the ﬁnite semiﬁeld D can be associated with a tuple
of natural numbers (A2, A3, A4, A5).
The following result shows that, in order to classify ﬁnite semiﬁelds of order 243, it is possible to
impose for extra conditions on the standard bases.
Proposition 2. Let D be a ﬁnite semiﬁeld of order 243. There exists an isotope D ′ of D such that, if SD ′ =
{A1, . . . , A5} is a standard basis of D ′ , then A2 has one of the following forms:
C
(
x5 + x3 + x+ 1), C(x5 + 2x+ 1), C(x5 + x3 + x+ 2), C(x5 + 2x+ 2) (1)
or
(
C(x3 + x2 + x+ 2) 0
0 C(x2 + 2x+ 2)
)
,
(
C(x3 + 2x2 + x+ 1) 0
0 C(x2 + x+ 2)
)
(2)
where C(p(x)) is the companion matrix of the polynomial p(x) ∈ F3[x].
Proof. We ﬁrst show that there exists an element b ∈ D \F3 (i.e., non-scalar) such that the character-
istic polynomial of the linear transformation Lb : D → D (Lb(x) = b ∗ x) is x5 + a2x3 + a4x+ a5 ∈ F3[x].
We ﬁx {x1, x2, x3, x4, x5}, an F3-basis of D , and consider the characteristic polynomial of Lb for a
generic element b = λ1x1 + λ2x2 + λ3x3 + λ4x4 + λ5x5 ∈ D:
x5 + ρ1(λ)x4 + ρ2(λ)x3 + ρ3(λ)x2 + ρ4(λ)x+ ρ5(λ)
where ρi(λ) is a homogeneous polynomial in F3[λ] = F3[λ1, λ2, λ3, λ4, λ5], of degree i. Because of
the Chevalley–Warning theorem [21, Theorem 6.8], the system of equations ρ1(λ) = ρ3(λ) = 0 has a
nonzero solution, i.e., there exists a nonzero element b ∈ D such that the characteristic polynomial of
Lb has its coeﬃcients x4 and x2 equal to zero.
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Number of division algebras with 243 elements.
Number of classes Knuth orbit Isotopy Isomorphism
Previously known 7 19 27313
Actual number 9 23 85877
The element b cannot be 1 or 2, since the trace of the polynomials (x − 1)5 and (x − 2)5 is not
zero, and so b is non-scalar. From [3, Lemma 5], the characteristic polynomial of Lb has no linear
factors, and so it has to be one of the following six polynomials:
x5 + x3 + x+ 1, x5 + 2x+ 1, x5 + x3 + x+ 2, x5 + 2x+ 2, x5 + 2x3 + 1, x5 + 2x3 + 2.
The ﬁrst four polynomials are irreducible, and so the set {1,b,b2,b(3 = b ∗ b2,b(4 = b ∗ b(3} is
an F3-basis of D (the argument of [3, Section 3] applies, there on the right, here on the left). This
provides a standard basis SD = {[L1], [Lb], [Lb2 ], [Lb3 ], [Lb4 ]} where [Lb] has one of the forms in Eq. (1)
(notice that D is an isotope of itself).
On the other hand, the last two polynomials have the following factorizations:
(
x3 + x2 + x+ 2)(x2 + 2x+ 2), (x3 + 2x2 + x+ 1)(x2 + x+ 2).
Because of [3, Lemma 5], there exists an isotope D ′ of D and an element c ∈ D ′ such that its minimal
function is the ﬁrst factor. So, because both factors are coprime, we can choose an F3-basis of D ′ of
the form {1, c, c2,d, c ∗ d}. In the corresponding standard basis SD ′ = {[L1], [Lc], [Lc2 ], [Ld], [Lc∗d]}, the
matrix [Lc] has one of the forms in Eq. (2). 
3. Semiﬁelds of order 243: A classiﬁcation
We obtained a complete classiﬁcation of ﬁnite semiﬁelds of order 243 with the help of the al-
gorithm introduced in [26]. This algorithm searches for standard bases of division algebras with 243
elements, and sort them in S3-equivalence classes. Our algorithm was processed in parallel in Magerit,
a cluster of 1204 nodes eServer BladeCenter (1036 JS20 and 168 JS21, both PowerPC 64 bits). Each
JS20 node has two processors IBM PowerPC single-core 970FX (two cores) with 2.2 GHz, 4 GB of RAM
and 40 GB of local hard disk. On the other hand, each JS21 node has two processors IBM PowerPC
dual-core 970FX (four cores) with 2.2 GHz, 8 GB of RAM and 80 GB of local hard disk. It was installed
in 2006 and reached the 9th fastest in Europe and the 34th in the world (Top 500: List from Novem-
ber 2006). In May 2008 it was upgraded to reach 16 TFLOPS. This powerful cluster has allowed us to
ﬁll the gap between the commutative and the noncommutative case. Notice that in the commutative
case the knowledge of the ﬁrst k matrices A1, . . . , Ak forces the choice of the ﬁrst k columns in the
remaining matrices Ak+1, . . . , A5, since the ith column of the jth matrix has to be the same as the
jth column of the ith matrix. So, once we ﬁx a matrix A2 among those of Proposition 2, 6 more
columns are to be determined to obtain a semiﬁeld of order 243. However, in the noncommutative
case 12 more columns are required. Therefore, in the noncommutative case, the search space has
roughly a size of 35×12, much bigger than the corresponding size of the commutative case: 35×6. Our
search required a total amount of 400 hours of computation in Magerit, equivalent to 57 years of
computation on a standard CPU.
Next we present the results obtained from our classiﬁcation (Table 1). Let us compare the number
of S3-equivalence classes, semiﬁeld planes, and coordinatizing ﬁnite semiﬁelds which were found,
with those previously known [27].
As we can see two new S3-classes exist, that cannot be constructed from commutative semiﬁelds.
And four new semiﬁeld planes of such an order appear. Next we present standard bases of these
classes (A1 is always the identity matrix) (Table 2).
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Standard bases of division algebras with 243 elements (VIII and IX are new semiﬁelds).
# A2 A3 A4 A5 #Semiﬁeld
I 129317742 43151760 25524498 2715668620 F35
II 129317638 44994959 28587138 1226007534 Albert’s twisted ﬁeld
III 129317781 52757047 20739470 3274303432 Albert’s twisted ﬁeld
IV 129317742 43393513 26923067 2713804376 Coulter–Matthews’
V 129317742 43215002 26537147 2719346408 Ding–Yuan’s
VI 129317742 43185096 19259172 2718371119 [27]
VII 129317742 43215002 26558192 2719382129 [27]
VIII 1 941265987 2568776018 378997328 2098782975 –
IX 1555480005 36398121 497814855 211318418 –
Commutative semiﬁelds (i.e., semiﬁelds describing classes I to VII) have been independently clas-
siﬁed by Coulter and Kosick in [7,20]. In that classiﬁcation Coulter–Matthews’ semiﬁeld is called TST+
(Ten-Six-Two +) and Ding–Yuan’s semiﬁeld is called TST− (Ten-Six-Two −), where as their class (vi)
(which corresponds to our Knuth orbit VI) is coordinatized by an example of Guobiao Weng (unpub-
lished, personal correspondence to the authors).
For these semiﬁelds, we have computed some information (see [26] for the notation and details).
Namely, the order of their center and nuclei, ZN = (Z ,N,Nl,Nm,Nr), the list of all principal isotopes,
and the order of their isomorphism groups. The length of the orbits in the fundamental triangle
(Lx, L∞, L y) was also computed given in the form
∑r
i=1 ai[bi], if ai cycles of length bi (i = 1, . . . , r)
exist. Also, where possible, some information on the autotopism group has been included (Table 3).
4. Primitive and fractional semiﬁelds of order 243
Two other relevant aspects of ﬁnite semiﬁelds have been also considered in view of this classiﬁ-
cation: primitivity and existence of fractional semiﬁelds. A ﬁnite semiﬁeld D is called left primitive
(alt. right) if there exists an element a ∈ D such that the set of left principal powers {1,a,a2,a(3 =
a∗a2,a(4 = a∗a(3, . . .} is D \{0} [30]. Not all ﬁnite semiﬁelds are left or right primitive, as some semi-
ﬁelds of orders 32 and 64 have been found to not be primitive [25,16]. Recently, Gow and Sheekey
have proved that all ﬁnite semiﬁelds of prime dimension over Fq are left and right primitive if q is
large enough [14]. So, in particular any ﬁnite semiﬁeld of order q5 has to be left and right primitive,
if q is suﬃciently large (namely, if q > 6296). However, as for Menichetti’s theorem mentioned above,
this result cannot be applied to ﬁnite semiﬁelds of order 243, as q = 3 is not big enough. In the same
direction, Cordero and Jha [9] have showed that the same result holds (i.e., left and right primitivity
of semiﬁelds of order p5, for suﬃciently large p) if the corresponding semiﬁeld plane contains no
fractional subplanes. A semiﬁeld plane of order qd is called fractional if its contains a subplane of
order is q f , where f does not divide d. Because of the Baer condition for subplanes, a plane of order
35 is fractional if and only if it is coordinatized by a semiﬁeld containing a subsemiﬁeld isomorphic
to the ﬁnite ﬁeld F32 . The desarguesian plane of order 3
5 cannot be fractional (as it is coordinatized
by the ﬁnite ﬁeld F35 ), but Coulter–Matthews’ and Ding–Yuan’s planes (together with their dual and
transposed planes) have been shown to be fractional [10]. The same authors have found experimental
evidence suggesting that the twisted planes of Albert of order p5 are not fractional dimensional. With
the help of our classiﬁcation we have studied whether the rest of the planes (including the twisted
ﬁeld planes) are fractional or not. Our computations show that, among the 22 nondesarguesian pro-
jective planes of order 243, only those in the S3-class of a twisted ﬁeld plane are nonfractional. So,
in particular, the new semiﬁelds VIII and IX are fractional. Let us speciﬁcally show this fact with the
help of the standard basis of the semiﬁeld VIII: A1 = I5,
A2 =
⎛
⎜⎜⎜⎝
0 1 0 1 2
1 2 2 1 2
0 0 1 1 0
0 0 2 2 2
⎞
⎟⎟⎟⎠ , A3 =
⎛
⎜⎜⎜⎝
0 2 0 1 2
0 0 0 1 0
1 1 0 0 1
0 2 1 0 1
⎞
⎟⎟⎟⎠ ,0 0 1 0 1 0 2 2 0 2
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Division algebras with 243 elements and their properties.
Plane Knuth orbit |At| (Lx, L∞, L y) S/A sum ZN
I 292 820 2[1] + 1[242] 15 (243,243,243,243,243)
2[1] + 1[242]
2[1] + 1[242]
II 2420
Solvable
2[1] + 1[242] 241 + 15 (3,3,3,3,3)
2[1] + 1[242]
2[1] + 1[242]
III 2420
Solvable
2[1] + 1[242] 241 + 15 (3,3,3,3,3)
2[1] + 1[242]
2[1] + 1[242]
IV 20
Z2 ×Z10
2[1] + 1[2] + 24[10] 29281 + 15 (3,3,3,3,3)
2[1] + 1[2] + 24[10]
2[1] + 1[2] + 24[10]
V 20
Z2 ×Z10
2[1] + 1[2] + 24[10] 29281 + 15 (3,3,3,3,3)
2[1] + 1[2] + 24[10]
2[1] + 1[2] + 24[10]
VI 20
Z2 ×Z10
2[1] + 1[2] + 24[10] 29281 + 15 (3,3,3,3,3)
2[1] + 1[2] + 24[10]
2[1] + 1[2] + 24[10]
VII 220
Z2 ×Z2 × (Z5 Z11)
2[1] + 1[22] + 2[110] 2661 + 15 (3,3,3,3,3)
2[1] + 1[22] + 2[110]
2[1] + 1[22] + 2[110]
VIII 4
Z2 ×Z2
2[1] + 121[2] 146411 (3,3,3,3,3)
2[1] + 121[2]
2[1] + 121[2]
IX 4
Z2 ×Z2
2[1] + 121[2] 146411 (3,3,3,3,3)
2[1] + 121[2]
2[1] + 121[2]
A4 =
⎛
⎜⎜⎜⎝
0 0 1 1 2
0 0 0 0 1
0 2 2 0 0
1 2 0 1 0
0 2 1 1 2
⎞
⎟⎟⎟⎠ , A5 =
⎛
⎜⎜⎜⎝
0 1 0 0 2
0 2 2 0 2
0 1 1 1 2
0 0 0 2 1
1 2 2 2 0
⎞
⎟⎟⎟⎠ .
Observe that the F3-vector subspace E = 〈(1,0,0,0,0)t , (0,1,0,0,0)t〉  (F53,+) is closed under
the product because
(1,0,0,0,0)t ∗ (1,0,0,0,0)t = A1(1,0,0,0,0)t = (1,0,0,0,0)t ,
(1,0,0,0,0)t ∗ (0,1,0,0,0)t = A1(0,1,0,0,0)t = (0,1,0,0,0)t ,
(0,1,0,0,0)t ∗ (1,0,0,0,0)t = A2(1,0,0,0,0)t = (0,1,0,0,0)t ,
(0,1,0,0,0)t ∗ (0,1,0,0,0)t = A2(0,1,0,0,0)t = (1,2,0,0,0)t = (1,0,0,0,0)t + 2(0,1,0,0,0)t .
Therefore, it is a subring of the semiﬁeld VIII, and it has 9 elements, i.e., it can only be the ﬁnite ﬁeld
F32 . As we can see, the standard basis of the semiﬁeld IX has the same properties with respect to the
existence of a subsemiﬁeld with 9 elements: A1 = I5,
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Known classiﬁcation of semiﬁelds of order at most 256.
Char. Center size Dimension Order #Knuth orbits #Planes (#Comm.) #Semiﬁelds
2 2 3 8 1 1 (1) 1 [19]
4 16 3 3 (1) 24 [18,19]
5 32 3 6 (2) 2502 [28,19]
6 64 80 332 (2) 376971 [26]
7 128 – – (2) – [6]
4 4 256 28 – – [4]
3 3 3 27 2 2 (2) 6 [13]
4 81 12 27 (2) 2826 [12,5]
5 243 9 23 (7) 85877 [7,27]†
5 5 3 125 3 4 (2) 34 [13,22]
† And the present paper.
A2 =
⎛
⎜⎜⎜⎝
0 1 1 0 0
1 1 0 1 2
0 0 1 2 1
0 0 2 0 2
0 0 2 1 0
⎞
⎟⎟⎟⎠ , A3 =
⎛
⎜⎜⎜⎝
0 0 1 1 1
0 0 1 0 1
1 0 2 1 1
0 0 1 2 2
0 2 1 2 0
⎞
⎟⎟⎟⎠ ,
A4 =
⎛
⎜⎜⎜⎝
0 0 2 1 2
0 1 0 1 1
0 0 0 2 0
1 2 2 1 2
0 1 0 1 0
⎞
⎟⎟⎟⎠ , A5 =
⎛
⎜⎜⎜⎝
0 0 2 2 0
0 0 0 0 1
0 1 1 0 0
0 1 1 2 0
1 2 2 1 2
⎞
⎟⎟⎟⎠ .
Finally, we have also used our classiﬁcation to study primitivity of ﬁnite semiﬁelds of order 35. We
have found that all of them are left and right primitive. This is a remarkable difference compared to
the characteristic 2, due to the existence of ﬁnite semiﬁelds of order 25 which are nonprimitive.
5. Conclusions
In this paper we have provided a computer-assisted classiﬁcation of semiﬁelds of order 243 and
studied the existence of fractional semiﬁelds and of primitive elements. We believe that this contri-
bution is the last in this line of research with the techniques that we have developed so far, as the
cases with 128 and 256 elements are completely out of reach with our computational power. Next,
we compare our estimation of the computational effort necessary to solve the case of order 128 with
the one required to deal with the case of 64 elements (we ﬁnd it diﬃcult to compare with the case
of 243 elements because of the different semiﬁeld characteristics).
The classiﬁcation of ﬁnite semiﬁelds with 64 elements [26] was achieved in 1 year of computation
on a single PC. Processing each possible matrix A2 (Proposition 1) implied a search in a space of
potential size 26×20. In the case of order 128, the search space has an approximate size of 27×30
elements. So, for every single matrix in second position the computational effort might be 290 bigger.
Moreover, such a computational exploration would require huge amounts of memory to handle the
lists necessary to process the data.
We ﬁnish our paper with Table 4 that summarizes the known classiﬁcation results of the ﬁnite
semiﬁelds singled out by Kantor (i.e., those of order at most 256) at this point in time (the provided
center size has to be taken as a lower bound, so that the ﬁnite ﬁeld and other semiﬁelds with non-
trivial center are included). Among them only one semiﬁeld (up to isomorphism) of order 32 and
another one of order 64 are neither left nor right primitive. Fractional semiﬁelds of orders 25 and 35
have been identiﬁed.
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